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Abstract. The purpose of this article is to study compactness of the complex Green 
operator on CR manifolds of hypersurface type. We introduce (CR-P g ), a potential theoretic 
condition on (0, g)-forms that generalizes Catlin's property (P q ) to CR manifolds of arbitrary 
codimension. We prove that if an embedded CR-manifold of hypersurface type of real 
dimension at least five satisfies (CR-P g )and (CR-P„_i_ g ), then the complex Green operator 
is a compact operator on the Sobolev spaces Hq „{M) and Hq n _ 1 _ q (M), if 1 < q < n — 2 
and s > 0. We use CR-plurisubharmonic functions to build a microlocal norm that controls 
the totally real direction of the tangent bundle. 



1. Introduction and Results 

In this article, we introduce property (CR-P 9 ), a potential theoretic condition on (0,q)- 
forms. We show that if an embedded CR-manifold of hypersurface type satisfies (CR-P g )and 
(CR-P n _i_ g ), then the complex Green operator is a compact operator on the Sobolev spaces 
H^ q (M) and HQ n _]__ q {M) if 1 < q < n — 2. We use CR-plurisubharmonic functions to 
build a microlocal norm that controls the "bad" direction of the tangent bundle. We first 
prove the closed range and compactness results on L\ AM) and use an elliptic regularization 
argument to pass to higher Sobolev spaces. 

A CR-manifold of hypersurface type M is the generalization to higher codimension of the 
boundary of a pseudoconvex domain. Let Q C C N be a pseudoconvex domain and if be a 
holomorphic function on the closure of Q. If h is the boundary value of H, then h satisfies 
the tangential Cauchy-Riemann equations d^h = 0. As with the Cauchy-Riemann operator, 
db gives rise to a complex that is a useful tool for analyzing the behavior of forms on and 
near the boundary. A CR-manifold of hypersurface type is a (2n — l)-dimensional manifold 
that is locally equivalent to a hypersurface in C n . The tangential Cauchy-Riemann operator 
db can again be thought of as the restriction of d to M. 

The L 2 -theory of db has been studied when M is a CR-manifold of hypersurface type. 
When M is the boundary of a pseudoconvex domain, it is by now classical that db has closed 
range |Koh86| ISha85bj IBS86j . More recent work by Nicoara [Nic06j shows the same result 
holds when M a CR-manifold of hypersurface type. The approach to analyze ^-problems 
proceeds down one of two paths. One is to follow Shaw's approach and use <9-techniques 
and jump formulas, and the other path is to use Kohn's ideas and develop a microlocal 
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analysis to control the totally real or "bad" direction of the tangent bundle. When M is not 
a hypersurface, microlocal analysis seems to be a more natural approach, and we will use 
this approach. 

The method that we use to solve the ^-equation is to introduce the Kohn Laplacian 
□ft = dbdb + Bbdb and invert it. The inverse (modulo its null space) is called the complex 
Green operator and denoted G q when it acts on Lq q (M), and the canonical solution to 
dbU = f is given by u = Bb*G q f (assuming / satisfies the appropriate compatibility condition, 
e.g., Bbf = when 1 < q < n — 2). Closed range of Bb implies that G q exists and is 
bounded on L 2 , though geometric and potential theoretic properties of M can give G q much 
stronger regularity properties. These additional regularity properties, however, have only 
been explored when M = bQ is the boundary of a pseudoconvex domain. In this case, 
subellipticity of G q holds if and only if M satisfies a curvature condition called finite type 
(at the symmetric level q and n - 1 - q) |Cat83l ICat87l IKoh02l INIcl IDia86l IKoe041 IRSU8] . 
Optimal subelliptic estimates (so called maximal estimates) were obtained in |Koe02j under 
the additional condition that all eigenvalues of the Levi form are comparable. This work 
unifies earlier results for strictly pseudoconvex domains and for domains of finite type in C 2 . 
For general domains, it is known that if Q admits a defining function that is plurisubharmonic 
at points of the boundary, then G q preserves the Sobolev spaces H s (bQ), s > [BS91]. A 
defining function is called plurisubharmonic at the boundary when its complex Hessian at 
points of the boundary is positive semidefinite in all directions. For example, all convex 
domains admit such defining functions. 

On a pseudoconvex domain Q C C , the <9-Neumann operator is the inverse to the B- 
Neumann Laplacian □ = BB* + B*B on Lg 9 (fi). When q — 1, a necessary and sufficient 
condition for subellipticity of the <9-Neumann operator on Q is the existence of a plurisub- 
harmonic function whose complex Hessian blows up proportional to a reciprocal power of 
the distance to the boundary [Cat83j ICat87l IStr97j . In [Cat84j . Catlin introduces a weak- 
ened version of complex Hessian blowup condition and instead requires only that there exist 
plurisubharmonic functions with arbitrarily large complex Hessians. He calls this condi- 
tion property (P) and its natural generalization to (0,g)-forms, called (P q ), is now a well 
known sufficient condition for compactness of the <9-Neumann operator (see [FSOll IStr06] 
for a discussion of compactness in the B- Neumann problem). In [RS0 8j , Emil Straube and 
I show that if M = bfl is the boundary of a smooth, bounded, pseudoconvex domain and 
satisfies (P q ) and (P n _i_ g ), then G q is a compact operator on L\ JM). We also show that 
compactness of G q implies compactness of the B- Neumann operator on (0, q , )-forms on Q and 
if bf2 is locally convexifiable then (P q ) and (P n _i_ ? ) is equivalent to compactness of G q (see 
[FS98J as well). Our methods involve (^-techniques, a jump formula in the spirit of Shaw 
(and Boas) [Sha85bl IBS86] , and a detailed study of compactness of the B- Neumann operator 
on the annulus between two pseudoconvex domains. Applying (^-techniques to investigate 
the complex Green operator in the higher codimension case investigated in this article seems 
to be difficult if q > 1 because it is unknown if (P q ) is invariant under CR-equivalences (or 
even biholomorphisms that are not conformal mappings) if q > 1. 
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The goal of this article is to generalize the compactness result of |R S08j to the case when 
M is a CR-manifold of hypersurface type. We introduce property (CR-Pq), a generalization 
of (P q ) for CR-manifolds of hypersurface type, and show that it is a sufficient condition for 
compactness of the complex Green operator. 

Let 

n g = {tp G L 2 q (M) n Dom(d fe ) n Dom(<9 b *) : d b (p = 0, <9 6 > = 0} 
be the space of harmonic forms and 

L H 9 = & G L 2 q (M) : (ip, 0) o = 0, for all G H}. 

Our main result is the following theorem. 

Theorem 1.1. Let M C be a smooth, compact, orientable weakly pseudoconvex CR- 
manifold of hypersurface type of real dimension at least five that satisfies (CR-P q )and (CR- 
Pn-i-q)- If 1 < q < n — 2 and s > 0, then 

(i) df, and 8% acting on Hq q (M) have closed range, 

(ii) the complex Green operator G q exists and is a compact operator on Hq AM), 

(iii) T~C q is finite dimensional. 

The assumption that 1 < q < n — 2 excludes the endpoints q = and q = n — 1. For the 
endpoint case, it is not clear what (CR-Pq) should be. However, one can check (in analogy 
to the <9-Neumann problem) that G = BbGfdb = BbGi(dbGi)* , and thus it follows that 
(CR-Pi) is a sufficient condition for compactness of Go (and G n -\ as well). The requirement 
that the dimension of M is at least five is a seemingly technical assumption concerning the 
eigenvalues of a Hermitian matrix. In particular, and H = (hjj.) is a Hermitian, positive 
definite matrix, 1 < i, k < n — 1, then (8 ft Y^eZi hu ~ hjk) is a Hermitian, positive definite 
matrix if n > 3. This fact is false when n = 2, and this causes the three dimensional case to 
remain open. 

The symmetric requirements at level q and n—l—q are necessary |Koe04l IRS08, Koh8l]. To 
a (0, g)-form u on bQ, there is an associated (0, n — 1 — g)-form u (obtained through a modified 

Hodge-* construction) such that ||u|| w d^u = (—l) q (d* b u), and d* b u = (— l) q+1 (dbu), 
modulo terms that are 0(||w||). Consequently, a compactness estimate holds for (0,g)-forms 
if and only if the corresponding estimate holds for (0, n — 1 — g)-forms. In view of the 
characterization of compactness on convex domains [FS98J, such a symmetry between form 
levels is absent in the d- Neumann problem. (The analogous construction performed for forms 
on fl yields a form u that in general is not in the domain of 3*.) 

A consequence of Theorem 1 1 . 1 1 and Corollary 13. 31 is the following generalization of Theorem 
1.4 in [RSI]. 

Corollary 1.2. Let M C C w be a smooth, compact, orientable weakly pseudoconvex CR- 
manifold of hypersurface type that satisfies (P g )- Then M satisfies (CR-P q ). In particular, 
if M satisfies (P q ) and (P n _i_ ? ) and is of real dimension at least five, then the conclusions 
of Theorem \l.l\ hold. 
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2. Definitions and Notation 

2.1. CR-Manifolds and the tangential Cauchy-Riemann operator d^. 

Definition 2.1. Let M C C N be a smooth manifold of real dimension 2n — 1. The CR- 

structure on M is given by a complex subbundle T l,0 (M) of the complexified tangent bundle 
T(M) <g> C that satisfies the following conditions: 

(i) The complex dimension of each fiber ofT 1,0 (M) is n — 1 for all p G M; 

(ii) If we define T°>\M) = T^{M), then T lfi (M) n T^\M) = {0}; 

(iii) If L,L' G T 1,0 (M) are two vector fields defined near M, then their commutator 
[L, L'] = LV - L'L also an element ofT lfi (M). 

A manifold M endowed with a CR-structure is called a CR-manifold. 

In the case that M is a submanifold of C N , then for each z e C N , set T Z 1,Q (M) = T^°(C N ) n 
T Z (M) (g) C (under the natural inclusions). If the complex dimension of T^°(M) is n — 1 
for all z G M, we can then let T lfi (M) = \J z€M T^'°(M), and this defines the induced 
CR-structure on M. Observe that conditions (ii) and (iii) are automatically satisfied in 
this case. 

For the remainder of this article, M is a smooth, orientable CR-manifold of real dimension 
2n-l embedded for some N > n. Let B q {M) = /\ q (T°'\M)) (the bundle of (0, q) forms 
that consists of skew-symmetric multilinear maps of T 0)l (M) q into C). We can therefore 
choose our Riemannian metric to be the restriction on T(M) ® C of the usual Hermitian 
inner product on C . We can define a Hermitian inner product on B q (M) by 

(<P,ip) = / (P^)xdV, 

J M 

where dV is the volume element on M and ((p,ip) x is the induced inner product on B q (M). 
This metric is compatible with the induced CR-structure, i.e., the vector spaces T 2 1,0 (M) and 
T 2 0,1 (M) are orthogonal under the inner product. 

The involution condition (iii) of Definition 12.11 means that there is a restriction of the de 
Rham exterior derivative d to B q (M), which we denote by The inner product gives rise 
to an L 2 -norm || • || , and we also denote the closure of db in this norm by db (by an abuse of 
notation). In this way, db : Lq AM) — > L\ +1 (M) is a well-defined, closed, densely defined 
operator, and we define dt ■ L^ q+1 (M) — > L§ ? (M) to be the L 2 -adjoint of b\. The Kohn 
Laplacian D b : L\ AM) — > L\ AM) is defined as 

□ 6 = dtdb + B b Bb, 
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and its inverse on (0, g)-forms (up to (□&)) is called the complex Green operator and 

denoted by G q . 

The induced CR-structure has a local basis L 1( . . . , L n _\ for the (l,0)-vector fields in a 
neighborhood C/ of each point x G M. Let ui, . . . , w n -i be the dual basis of (1, 0)-forms that 
satisfy (uij, Lj.) = 5jk- Then L\, . . . , L n -\ is a local basis for the (0, l)-vector fields with dual 
basis u>i, . . . , uJ n -\ in U. Also, T{U) is spanned by L 1; . . . , L n _i, L\, . . . , L n -\ and one more 
vector T taken to be purely imaginary (so T = —T). Let 7 be the purely imaginary global 
1-form on M that annihilates T 1,0 (M) © T 0,1 (M) and is normalized so that (7, T) = —1. 

Definition 2.2. The Levi form at a point x G M is the Hermitian form given by 
(d"f x ,L A U) where L,L' G T*>°(U), U a neighborhood of x G M. We call M weakly 
pseudoconvex if there exists a form 7 such that the Levi form is positive semi-definite at 
all x G M and strictly pseudoconvex if there is a form 7 such that the Levi form is 
positive definite at all x G M . 

2.2. Property (CR-P 9 )and CR-plurisubharmonic functions. 

Definition 2.3. A smooth function ip : Q — > C is called plurisubharmonic on (0, q)- 

forms if the sum of any q eigenvalues of the complex Hessian of (p at z £ Q is at least 
C > 0. The constant C is the constant of plurisubharmonicity(of (p at z). 

Definition 2.4. A surface S C M fc satisfies property (P q ) if for every C > 0, there exists 
a function <p> and a neighborhood U D S so that < (p < 1 and ip is plurisubharmonic on 
(0)9) -forms on U with plurisubharmonicity constant C. 

As discussed above, property (P q ) has played a crucial role in the development of the 
compactness theory for the <9-Neumann operator and now we define its analog for the com- 
pactness theory of the complex Green operator on CR-manifolds of hypersurface type. 

Definition 2.5. Let M be a CR-manifold. A real-valued function A defined in a neigh- 
borhood of M is called strictly CR-plurisubharmonic on (0,q) -forms if there exist 
constants Aq, A\ > so that for any orthonormal Zj G T 1,0 (M) ; 1 < j < q, 

g 

£ (- (d b B b X - d b d b \) + A dj, Zj AZ d }> A\ 
0=1 

where dj is the invariant expression of the Levi form. A is called weakly CR-plurisubharmonic 
on (0,q) -forms if A\ > 0. A\ is called the CR-plurisubharmonicity constant. 

CR-plurisubharmonic functions were first introduced by Nicoara [Nic06] to prove closed 
range of d b on CR manifolds of hypersurface type. 

Definition 2.6. A surface Scl' satisfies property (CR-P q ) if for every A > 0, there ex- 
ists a function A and a neighborhood U D S so that < A < 1 and A is CR-plurisubharmonic 
on (0, q)-forms on U with CR-plurisubharmonicity constant A. 
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Appendix |A] contains results multilinear algebra that help to explain the relationship of 
the definitions of (P q ) and (GK-P q ). 

In this article, constants with no subscripts may depend on n, N, M but not the CR- 
plurisubharmonic functions A + , A~, or any quantities associated with A + or A~. Those 
constants will be denoted with an, A + , A~, or ± in the subscript. The constant A will be 
reserved the constant in the construction of pseudodifferential operators in Section [3] (though 
A with subscripts will not). 



3.1. Local coordinates and CR-plurisubharmonicity. The microlocal analysis that we 
will use relies the existence of suitable local coordinates. The first such result is Lemma 3.2 
from [Nic06], recorded here as the following result. 

Lemma 3.1. Let M be a compact smooth, (2n — 1)- dimensional weakly pseudoconvex CR- 
manifold of hypersurface type embedded in a complex space C N such that N > n and endowed 
with an induced CR-structure. For each point P G M, there exists a neighborhood U so 
that M fl U is CR- equivalent to a hypersurface in C n . Additionally, on U there is a local 
orthonormal basis L\, . . . ,L n , L\, . . . ,L n of the n-dimensional complex bundle containing 



Li, . . . , L n _i, Li, . . . , L n _i, T, a local basis for TM. 

The local coordinates from Lemma r3.ll allow us to make a careful comparison of the Levi 



Proposition 3.2. Let M be as in Lemma \3.1[ If X is a smooth function near M, L 6 
T 1,0 (M), and u — L n + L n is the "real normal" to M, then on M, 



Proof. Using Lemma 13.11 there exists a basis of CT(C Ar ) given by L\, . . . , L N , L 1; . . . , L N 
so that Li,...,L n _i and Li,...,L n _i are a basis of T 1,0 (M) and T 0,1 (M), respectively, 
T = L n — L n G TM is a purely imaginary tangent vector, and v = L n + L n is the "real 
normal" tangent vector to M. Let u>i, . . . , lon, <^i, ■ ■ ■ , &n be the dual cotangent vectors 
to Li, . . . , Ltv, Li, . . . ,Ln, respectively. Assume that the coordinates are centered around 
PeMin sense of Lemma 13.11 

Recall that dd = —Bd, so dd = \{dd — dd). We now compute 



3. Computations in Local Coordinates 




for 1 < j < n where (wi, . . . , w^) are the coordinates of C N , and 

= CjkT where T = L n — L n and Cjk are the coefficients of the Levi form in 



form with its <9b-analog. 




A' 



iV 



N 



(1) 
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Also, 
(2) 



N N N 

BdX = B(^^ LjX ujj) = — L k LjX uij Acu k + L(X BuJt 

j=l j,k=l 



l=\ 



Let L = YTj=\ be a complex tangent vector on M. Then 

(du e ,Lj AL k )\ p = Lj{(u e ,L k )}\ p - Lj{(uj e , L k )}\ p - (uj £ , [Lj,L k 
= -{(u e ,c jk T)\ p = -5 en c jk (P). 
Similarly, since T = L n — L n , 

(due,Lj A L k )\ p = Lj{{ue,L k )}\ p - Lj{{uj e , L k )}\ p - (u e , [Lj,L k 
= -{u>e,c jk T)\ p = 5 en c jk (P). 
Consequently, for 1 < j, k < n — 1, 

N 

(£ i L e Xd "e ~ L t \du> t ),Lj A L k )\ P = (L n {X} + L n {X})c jk (P) = c jk (P)u(X)\. 



If K = Ef=i ijLj + Y!k=i (kL k , then 



N 



(uj A u k , K A K) = ujj(K)u k (K) - ujj(K)uj k (K) = ^ k - Q( k . 



Putting the equations together, for L = Y^jJiijLj-, we have that 



(ddX, LAL) 



ddX — ddX ),L A L 



- £ \LjL k X + LkLjX + v(X) c jk 



j,k=i 



To understand LjL k X + L k LjX, we expand the vector fields in the ambient C N coordinates. 
In coordinates, 



N 



;_d_ 

dwf 



This means 



and 





N 


LjL k — 


a 




e,e'=i 




N 


L k Lj — 


Yl a > 




t,v=\ 


— LjL k - 


- L k Lj 



j n k 



d 2 



dwpdwfi ^ 1 dwp dw 
e,e'=i 1 



dwfdw 



Ll'=\ 



N 



dal d 



i,v=\ 



dwf dwp 



dvjfi dvjf 



CjkL n 



and 



N 
Ll'=\ 



da% d 



Thus, since Lj\ p = t£- by Lemma 13.11 



{LjLkX + LkLjXj 



P OWjdw k P 



Finally, 



- ( ddX - ddX ) , L A L 



p 2 



1 n— 1 

IE 



n-l 



<9 2 A 



dwjdwk 



- 1 g t 

2 ^ dwjdw k 3 
j,k=i 3 K 

The calculation of (| (<9b<9ftA — dbdbX) ,L AL)\ is performed identically except that the sums 
in ([!]) and ([2]) only go to n — 1 and not to N. The result is that 



- ( dbdbX — dbdbX ) , L A A 



p 2 



1 n— 1 

IE 



j,fc=i 



<9 2 A 



dwjdwk 



Consequently, 



- ( .:aa\ - AAA I . i a I 



- ( dbdbX — dbdbX ) , L A I 



^ n— 1 



1 



v(X){dj,LAL) 



However, T and c?7 are globally defined quantities and P was arbitrary, so on M, 

^(<9<9A-<9<9a),LAl\ - (^{dbdbX-dbdbX^LAlS = ^{X}(dj, L AL) 



□ 



We can already see from Proposition ^. 2l the importance of CR-plurisubharmonic functions. 
On a compact (smooth) manifold, v{X} will be a bounded quantity, and multiples of Levi- 
form are controlled by CR-plurisubharmonicity. 

If A is smooth function defined near P £ M, let Xjk satisfy 

N 

ddX = Xjk ujj A Uk- 
j,k=i 

Also, let l q = {J = . . . , j q ) E W : 1 < ji < ■ • • < j q < n} and T q = { J G T q : j q < n}. 
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As a of Proposition 13. 21 and Lemma TA. 11 we learn that functions that are plurisubharmonic 
on (0, g)-forms near M are CR-plurisubharmonic on (0, g)-forms. 

Corollary 3.3. Let M be as in Lemma \3. 1[ If X is a smooth, real-valued function that is 
plurisubharmonic on (0,q)-forms near M and has CR-plurisubharmonicity constant A\, then 
A is CR-plurisubharmonic on (0, g) -forms with CR-plurisubharmonicity constant A\. 

3.2. Pseudodifferential Operators. From Lemma 13.11 there exists a finite cover {U u } u 
so each \J V has a special boundary system and can be parameterized by a hypersurface in 
C n (U u may be shrunk as necessary). To set up the microlocal analysis, we need to define 
the appropriate pseudodifferential operators on each U u . Let £ = (£i, £ 2 n-2, £271-1) — 
(£',£271-1) De the coordinates in Fourier space so that £' is dual to the part of T(M) in the 
maximal complex subspace (i.e., T l '°(M) © T 0,1 (M)) and £271-1 is dual to the totally real 
part of T(M), i.e., the "bad" direction T. Define 

C + = {£:£ 2 „-i>i|£'| and |£| > 1}; 
C~ = {£:-£ G C + }; 

C = {£:-^|£1<£ 2 „-i<^£'|}U{£:|£|<1}. 

Note that C + and C~ are disjoint, but both intersect C° nontrivially. Next, we define functions 
on{|£|:|£| 2 = l}. Let 

V> + (£) = 1 when £ 2n _x > ~|£'| and supp^+ C {£ : £ 2n _i > ~|£'|}; 

V>~(£) = V> + (-£); 

V>°(£) satisfies ^°(£) 2 = 1 - ^ + (£) 2 - </T(£) 2 . 
Extend ip + , ^~ ~> and V' homogeneously outside of the unit ball, i.e., if |£| > 1, then 

^(0 = V>~(£) = V>-(£/l£l), and v°(£) = </>°(£/l£D- 

Also, extend ip~ , and smoothly inside the unit ball so that (ip + ) 2 + {ip~) 2 + (?A ) 2 = 1- 
Finally, for A to be chosen later, define 

= ^(£M), ^(£) = ^ (£M), and ^(£) = V°(£M)- 
Next, let ^ A , ^ A , and \1/ be the pseudodifferential operators of order zero with symbols ^fj[, 
ip^i and V'aj respectively. The equality (ip A ) 2 + (Vu) 2 + (^a) 2 = 1 implies that 

(*+yy+ + (y A yy° A + (* A yy A = id. 

We will also have use for pseudodifferential operators that "dominate" a given pseudodifferen- 
tial operator. Let ip be cut-off function and ip be another cut-off function so that ip\ supp ^ = 1. 
If \1/ and \I/ are pseudodifferential operators with symbols ?/> and ■?/>, respectively, then we say 
that \& dominates 

For each C/^, we have a local CR-equivalence to a hypersurface in C ra , and we can define 
^ A , *5/ A , and to act on functions or forms supported in U u , so let ^„ A , and \1/° A 
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be the pseudo differential operators of order zero defined on U v and C+, and C~, and C° be 
the regions of £-space dual to U v on which the symbol of each of those pseudodifferential 
operators is supported. Then it follows that: 

(KaTKa + (KaTKa + (KaTKa = Id- 

Let an d ^u,a ^ e pseudodifferential operators that dominate ^^a an d ^u,A' res P ec tively 
(where \^_a and are defined on some Z7 M ). If and C~ are the supports of ^^a an d 
$1^, respectively, then we can choose {{7 M }, V\1"a> and t/T^ so that the following result 
holds. 

Lemma 3.4. Let M be a compact, orientable, embedded CR-manifold. There is a finite open 
covering {U^}^ of M so that ifU^,U v G {U^} have nonempty intersection, then there exists 
a diffeomorphism $ between U v and with Jacobian J$ so that: 

(1) t J-aiC^) fl C~ = and C+ D l J^{C~) = where l J® is the inverse of the transpose of 

(2) Let ^^ t A' ^^,A> an d ^%,a be the transfers of^^ A , A , an d ^%a> respectively via 

Then on {£ : ^2n-i > f|£'| an d |£| > (1 + e)A}, then principal symbol of®$^ A 
is identically 1, on {£ : £2^-1 < — I anc ^ l£l > (1 + e )^4}; principal symbol of 
^u,A i s identically 1, and on {£ : — g^n-i > §|£'| |£| > (l + e )^}; then principal 
symbol of^ Q A ^ s identically 1, where e > and can be very small; 

(3) Let v^A) ^u,A be the transfers via -d of ^t,A an d ^u,,a> respectively. Then the 
principal symbol of^/^ A is identically 1 on C„ and the principal symbol of^~ A is 
identically 1 on C~ ' ; 

(4) c;nc; = 0. 

We will suppress the left superscript $ as it should be clear from the context which 
pseudodifferential operator must be transferred. The proof of this lemma is contained in 
Lemma 4.3 and its subsequent discussion in |Nic06j . 



3.3. Norms. We have a volume form dV on M, and we define the following inner products 
and norms on functions (with their natural generalizations to forms). Let A + and A~ be 
functions defined on M. 







/ cfxpdV, and \\<p\\l = ((p,(p)i 
Jm 



(<t>,(f)\+ = / (f><pe A dV, and ||<p||^+ = (<p,<p)x+ 



M 

a- = / #e A " dV, and \\tp\\l- = (<p,<p)\-. 

If ip = ^2j e z/ <fj &j, then we use the common shorthand \\ip\\ = J2jei> llv 9 ./!! where 

represents a generic norm norm applied to (p. 
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We also need a norm that is well-suited for the microlocal arguments. Let {( u } be a 
partition of unity subordinate to the covering {U u } satisfying XLC = 1- Also, for each u, 
let ( u be a cutoff function that dominates ( u so that suppC C U v . Then we define the global 
inner product and norm as follows: 

v 

and 

IIMIIa +> a- = HMH! = E (IIC>:aC^1Ia + + llOU^IIo + IIC^mC^IIa-). 

V 

where (p v is the form expressed in the local coordinates on U v . The superscript v will often 
be omitted. 

For a form </? supported on M, the Sobolev norm of order s is given by the following: 

IMI2 = El^ A Wllg 

V 

where A is defined to be the pseudodifferential operator with symbol (1 + l^] 2 ) 1 / 2 . 

It will be essential for us to pass from a the unweighted L 2 -norm on M and the microlocal 
norm defined above. The following lemma says that we can do this without any loss of 
information. 

Lemma 3.5. Let A + , \~ be smooth functions on M with < A + , A - < 1. Then there exist 
constants Ci, C 2 > so that 

CilMlo < IIMHl < C2IMI0 
Proof. It is enough to check this when (p is a function. Since < A + , A - < 1, 

IIMIIi < eE(HC^C^1l^ + IIC^C^IIg + IIC^C^l 2 ,)- 

V 

We can express C^+aC*^ = Ka(^ ~ i 1 ~ Q^ A ^ V ■ (1 - C^^C, is infinitely 
smoothing, but using this bound would lead to a constant depending on A. We wish to 
avoid constants depending on A. Observe that 

= t^zt / </Ay) / (i - U^))Uy)e i{x - yH ^, A (0 d£d y 

(2n) Zn J R 2n-l ^n-l 

Define K(x,y) = {2n) L-i / R 2n-i(l - Cu(x))CAy)e i{x ~ yH ^ A (0 By integration by parts, 
for any multiindex a, 

K {x , y) = (i-c,w)gm (2 ^ ( 4: )2 „_ 1 l^'-'^UOdi. 
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Recall that ^^(0 = ^(ti/A), so requiring that A > 1 means that \D a ip* A (£)\ < C a where 
C a does not depend on A. However, supp(l — ( u ) n supply = 0, so for any N, there exists 
Cat so that 

mx,y)\<\l-ax)\\Uy)\ —^ 

(1+ \x-y\) N 

where Cn does not depend on A. Consequently, 

ll(i-C,)*^C^(*)llS<C'IIC^lg. 

The range of ^aCv is n °t L 2 (U U ) but L 2 {R 2n ~ 1 ), but this problem is mitigated by the fact 
that ^aCv i s a smoothing operator outside of Dom(( 1/ ). Also, ^ A (v is a contraction on 
L 2 (M 2nJl ), so 

HC^aC^IIo < 2||^aU>13 + 2||(i-c,)^C^1lo < c + \\Cuf v \\l 

for some C independent of A. By (possibly) increasing C, a similar bound will also hold for 
for ty® A and ^~ A - The upper bound of the lemma therefore follows (since the sum over v is 
finite and < < 1). 

We now show the lower bound. Note that Q = \ = J2„ CvCu- Consequently, 

y\\l = (£cw) = £11^112 

V V 

V 

= £ (H& + ( x - C,))<aC^1Io + life + (i - C,))<aC^1o + life + (i - Q)K,a<» 



However, ||fc+ (l-C/))*^C^IIg < 2(116*^^113 + 11(1-^)^^113), and V+^Cspr 
is pseudolocal (indeed, (1 — Cu))^t is infinitely smoothing), so ||C*^ aC^Ho controls 
||(1 — Cu)^t aCv^Wo an d similarly for ty~ A and ^° vA . As a result, 



IMIo < (110^113 + IIC,<aC^1I3 + IIC>-aC^II^ 

V 

<cJ2 (lic^c^ii5 + + \\IKa^ v \\1 + \\CuK,aC^ u \\1 

V 

since A + and A - are positive, bounded, and bounded away from zero. □ 



The meaning of Lemma [331 is that |||v?|||± ~ IMIo with constants independent of A, so the 
Riesz Representation Theorem implies the following corollary (see Corollary 4.6 in [Nic06j). 

Corollary 3.6. There exists a self- adjoint operator E\+ \- = E± so that 

(<p,<P)o = { ( p, E ±4>)± 



for any two forms ip and <fi in L 2 (M). E± is the inverse of 

F ± = Y {uKaT~c^ x+ IKaC» + uKaTciKaCu + mkj&~c»kJ*)- 

V 

E± and F± are bounded in L 2 (M) independently of A > 1 since < A + , A~ < 1. 
3.4. db and its adjoints. If / is a function on M, in local coordinates, 

n— 1 
3=1 

while if is a (0, g)-form, there exist functions so that 

n-1 

dbV= Y Y^^j^J^K + Y VJ mJ K^K- 
Jex' q j=l Jex' q 
K ^' q+ i K ^' q+ i 

Let L* be the adjoint of Lj in (•, -) , L*' + be the adjoint of Lj in (•, -)\+, and Z*'~ be the 
adjoint of Lj in (•, -)\~. Then we define <9^' + , and c^' - to be the adjoints of 9& in L 2 (M), 
L 2 (M,e~ x+ ), and L 2 (M,e x ), respectively. On a (0,g)-form </?, we have (for some functions 

n-1 

iel'q-! 3 = 1 I&'q-l 

Jex' q Jex'q 
n-1 

= ~ Y Y e °J r ( L ^J + fj<fj)vi+ Y mI jVJ^i 

Jex' j ex' 



n-1 



(3) <9 6 *' + y? = Y Y el J L T^ jUJl+ Y mfojuj! 



iex' q _ 1 j=l iex' q 
Jex' q jei 

n-1 



= - Y Y e3 j( L WJ ~ L j X+( Pj + fj<Pj)ui + Y mfajvi 



lex^ 3=1 

J£X> 
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n-1 

®b~ i p= E 5^ e J%*'~^^+ E m Wj^i 

J£Z' q J£X' q 

n-1 

= - E E e j( L iVJ + Lj\~<fJ + fj<Pj)ui + X <*>J 

iex' q _ 1 i=l 'e^-i 

Consequently, we see that 

<9*' + = (9,* - A + ] and d* b ~ = B* b + [d£, X-], 

and all three adjoints have the same domain. Finally, let B b± be the adjoint of B b with 
respect to (•, -)±. 

The computations proving Lemma 4.8 and Lemma 4.9 and equation (4.4) in |Nic06| can 
be applied here with only a change of notation, so we have the following two results, recorded 
here as Lemma T3. 71 and Lemma T3.8I The meaning of the results is that 8%± acts like B^' + for 
forms whose support is basically C + and B b '~ on forms whose support is basically C~ . 

Lemma 3.7. On smooth (0,q) -forms, 

K± = % - E cl*U$> A+ ] + E QKa&i *i 

where the error term is a sum of order zero terms and lower order terms. Also, the 
symbol of Ea is supported in C® for each ji. 

We are now ready to define the energy forms that we use. Let 

Qb,±(4>,<P) = (db<f>,Bb(p)± + (<9 6 *±0, d£ t ±(p)± 
Qb,+ (<P,<f) = {B b (f),d b (f)x+ + {d b *' + <p,d* b ' + (p) x + 
Qb,o{<t>, <p) = (B b <fr, B b ip) + (B b (p, B b ip) 
Qb,-(<l>,<p) = (B b (j),d b ip)x- + (Bl~(j),Bl~(p)x-. 

Lemma 3.8. If ip is a smooth (0,q)-form on M, then there exist constants K,K±,K' with 
K > 1 so that 

(4) 

V V 
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K and K' do not depend on A. 



Many of the subsequent proofs make use of the"lc/sc" argument: — e||x|| 2 — e _1 ||?/|| 2 < 
2R,e((x,y)) < e||x|| 2 + e~ 1 ||y|| 2 where (•, •) is any Hermitian inner product with associated 
norm || • ||. Also, since that <9^' + = db + lowerorder, commuting by creates error 
terms of order that do not depend on A + and lower order terms that may depend on A + . 

4. The Basic Estimate 

The goal of this section is to prove a basic estimate for smooth forms on M. 

Proposition 4.1. Let M C C N be a compact, orientable, weakly pseudoconvex CR-manifold 
of dimension n > 5 and 1 < q < n — 2. Assume that M admits functions A + and A~ where 
A + is strictly CR-plurisubharmonic on (0,q) -forms and A~ is strictly CR-plurisubharmonic 
on (0, n — 1 — q)-forms Let (p £ Dom(<9;,) fl Dom(<9fe). There exist constants K , K±, and K' ± 
where K does not depend on A + and A - (and consequently A) so that 

A ± \M\l < KQ bj± (<p, <p) + K\y\\\l + K ± J2 E IIC^C^IIS + K\\f\\-v 

The constant A± > is the minimum of the CR-plurisubharmonicity constants A\+ and 
A x -. 

The proof of Proposition 14.11 comes as the culmination of a series of calculations that 
started with Lemma 13.81 

4.1. Local Estimates. We work on a fixed U = U v . On this neighborhood, as above, there 
exists an orthonormal basis of vector fields L 1; . . . , L n , L x , . . . , L n so that 

n-1 

(5) [Lj, L k ] = c jk T + Y,(d%L E - di 3 L e ) 

e=i 

if 1 < j, k < n — 1, and T = L n — L n , and for some fixed point P, 

[Lj, Lfc] | p = CjkT. 

Note that Cjk are the coefficients of the Levi form. Recall that L* ,+ , L* , and L*~ are the 
adjoints of L in (•, -)\+, (•, -) , and (•, -)\-, respectively. From ([3]), we see that 

L*> + = -Lj + L,(A + ) - fj and L*~ — -Lj - Lj(\~~) - fj, 

and plugging this into we have 

n-1 

[L*j ,+ , Lk} = —CjkT — (Sj k Li — dljL^j — LkLj\ + + Lkfj 

i=i 

n-1 

[L* ! , Lk] = —CjkT — (d l j k Li — d e k jLk^ + LkLjX + Lkfj 

k=i 
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For the inner product Qb t+ (ip, <p), we have the following estimate. 

Lemma 4.2. Let ip be a (0, q)-form supported in U , ip G Dom(<9;,) fl Dom(db). There exists 
< e' < 1 so that 



n-l 



Re{(c jj T(p J ,(fj) x +} 



Q^itp, <p)>(i- e>) e E \\ l wA\i + + EE 

Jei' q j=i Jei' q jeJ 



A+ 



1=1 



E E 

J,J'GX' l<J,fc<n-l 



Re{(c jfe Tv?j,v?j/) A+ } + -((L fc L i (A + ) + L j L fe (A + ))v? J , </?jOa+) 



n-l 



A+ 



e=i 



Proof. First, observe 



n-l 



(^•v,^V)a + = e E ^(^Vi^r^oA + +o(ibii^ + +(Eii^iii + ) i/2 ibiu + ). 



lex' -, i^i^*^"-- 1 



J,J'£X'„ 



3=1 



However, if j ^ k, then e J /e^{ = e k k j ] efj, = -e^/ef/, = -efj,. Consequently, 



w b >\\\i + = E E ii^'Vii^ - E E ^( z ;'V,^'V0a + 

JeX' jGJ J,J'GX' i<j,fc<n-i 

9 9 J^fc 

+o(ibii^ + (En^iii + ) 1/2 ibiiA + ) 



E E ii l ^Ha+ + E E ([L^m^,^) 

Jei' q jeJ Jex q jeJ 



A+ 



n-l 



- E E ^(^v,^'VOA + +o(iiv.iii + + (Eii^^iiA + ) 1/2 ibiiA + ) 



JJ'eX' l<J,fe<n-l 

9 J/fc 



J'=l 
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Second, from the calculation of 9& above, we compute 



71-1 



iia* = E E 4v/(i fc ^,z^A + o(iiv.ii^ + (Eii^iii + ) 1/2 ibiiA + ) 

j.j'ex' l<J,fc<n-l j=l 



n— 1 



eeii l ^ha++ e e *(W4-^A + +o(ibii^+(x;ii^iA + ) i/2 ibM 

Jei g j0j j,J'gx 9 i<j,fc^n-i i=i 



= EEii z ^Ha + + E E ^(^'V„^v,0a + 



Jex, j&J J,J'ai q i<j,k<n-i 



n—1 

+ E E ^,([z;>^z fc ]^,^OA + +o(ikii^ + (Eii z ^iiA + ) 1/2 ^iu + )- 



By a lc/sc argument, 

(En^ii^) 1/2 ibiu + >- e Eii z ^iiA + -7 

so adding together our computations yields 



n— 1 n—1 

' 2 

3=1 3=1 



n-1 

II T,.m Jl 2 . 4-W (\T,. T*' + \m . m ^ 

A+ 



(6) Q^fovO > (1 - e) E E H^^IIa + + E E {[Lj^wj) 

Jei> 3=1 Jei q jeJ 



2 N 

A+/ 



J,J'ei> i<i,fe<™-i 
9 j^fc 



Recall that the commutator 



n—1 



£fc] — —CjkT — ^ (d e jk Li — d e kj L^j — L k Lj\ + + Lfc/j, 



and note that 



\(di J L eVJ , VJI ) x+ \<e\\L^j\\l + + c t y\\l + . 
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Consequently, 



n-l 



Q 6 , + (^)> (1-6)^^111^11 
JeX' i=i 



2 

A+ 



+ Re \ EE ( c n Tl PJ, V?j) a+ + E {<%j L i<PJ> 

^ JeT' j&J <- e =1 J ) 



J,J'el'„ l<j,k<n-l 



n-l 



A+ 



1=1 



+o{y\\i). 



Also, 

eji, Re { (d? jk L t <pj, Vj>) x+ } = Re { (L e (d%<pj), yj,) x+ - ej£ Re{ (L e (d%)ipj, Vj) x+ ) 
= efj, Re { ( - L} + (d? jk <pj), <pj.) A+ + (d^A+^j, Vj> ) A+ } + 0(|Mfi + ) 

> -e||L^|li + + Re ( {d%L,{\ + ) Vv tp k ) x+ } + 0(\\ip\\l + ). 
Recalling that Re z = Re z for any complex number z, we have 

n-l 



E E ^{feMA^,^} 

J,J'€l q j,k,£=l 

n— 1 

= 2 E E e ji' Re {(4^^ + )v 9 ^'V ; 'J')A+ + { d kj L ^ + )¥J'i¥j) x +} 

J,J'£X f q j,k,£=l 
-. n—1 

= 2 E E i- Re {(^^>^^ + + (^'.^^ + )^) J+ } 

J,J'ei> q j,k,i=i 

n— 1 

= 2 E E e ?i' Re { {^Mx+^j, tpj,) x+ + (4 j i,(a + )^,^)a + } 

J,J'GX;i,fc/=l 
n—1 

= 2 E E Sv{(^( A+ )^Ha + + (^( A+ )^Ha + ) 



J,J'€X'j,k,£=l 



Similarly, 



Re { E E 4i'( Z fc^ A Vj,^J')A + f 

^ J,J'eX' l<i,fc<n-l J 

= ^E E e ii'((^ L i A+ ^^J')A+ + {LjL k \ + V j, Vj ,) x+ ^ 



JJ'eX' l<J,fc<n-l 



□ 



18 



Next, we concentrate on the Qb t _(ip,ip) term. 

Lemma 4.3. Let if be a (0, q)-form supported in U , ip G Dom(<9;,) D Dom(db). There exists 
< e' < 1 so t/iat 



n-l 



Re { - {cjjTipj,ipj) x -} 



g 6 ,_(^) > EE [R'>'IIa- + E E 

i=l JGX^ jeJ 

1 - 1 

+ - {(L j L j (X~) + LjLj(X~))<pj, <pj) x -) + {{d]M X ~) + d]M\-)) Vj , Vj ) 

i=i 

+ E E 

J,J'ei' i<j,fc<« 
n— 1 

+ - E ((4wa-) + 4^(a-))^, ^) 



Re{ - (c jk T(pj,<pjt)x-} + ~((L k Lj{\ )+LjL k (X ))</?j, <^/')a-) 



e=i 



+ O(IMI / )- 



Proof. This lemma is proved with the same techniques as the previous lemma. By the 
argument leading up to (jSJ), we have 

^,-(v^) = EEii z ^Ha-+ E E ^(lj-^.ij-^Oa- 

JeX' J,J'ex„ i<3',fc<n-i 



+ E E '^( /-/ •/.. w-w-). 



J,J'el g l<3,k<n-l 



E E i^r ^I!a- - E E 



J,J'eJ'„ l<i.fc<n-l 
9 i#fc 



n-l 



o(ibii^ + (EEii L r^iiA-) 1/2 ^iiA-) 



By integration by parts, 

wl&jWI- = i^r^iiA- + ( /-;• -/- ; :w.w) A • 

Thus, 

n-l 

g 6| _(^^) = E E w L *fvj\\i- + E E (/-/ •/-^./•^/) A 



JeX' i=i 



n-l 



+ E E e J^([ z ?"'^]^'^)A- +^(ii^Ha- + (5^ ED ii^^iia-) 1/2 ii^iu-). 

jext, j=i 



J.J'Ela i<j.*<«-i 



Following the argument of Lemma 14.21 we proceed as above. 
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□ 



The significance of the estimates in Lemma 14.21 and Lemma 14.31 is demonstrated by the 
multilinear algebra in Appendix [AJ and it highlights the need for (CR-P g )as well as (CR- 

Pn— 1— q) • 

We need the following versions of the sharp Garding inequality. This is Theorem 7.1 in 
[Nic06| written for forms. It can be proved by following proofs of Theorem 3.1 and Theorem 
3.2 in [LN66J line by line (making the obvious modifications). 

Theorem 4.4. If P = (pjk(z,D)) is a matrix first order pseudodifferential operator. If 
p(z,^) is Hermitian and the sum of any collection of q eigenvalues is nonnegative, then there 
exists a constant C > so that for any (0, q)-form u, 



Re { E D > j > uj ) - E E e fj' fo*(-> D > j > uji ) } ^ -°\ 



u\\ 2 . 



JeX' n J,J'el' n l<3.k<T 

j¥=k 



Ifp(z,C.) is Hermitian and the sum of any collection of (n — l — q) eigenvalues is nonnegative, 
then 

Re {E(^'(-' jD )^'^)+ E E £j J j>{pA;D)uj,uj,)}>-C\\u\\ 2 . 



Jex'„ J,J'ci'„ i<j.fe<^ 



Corollary 4.5. Let R be a first order pseudodifferential operator such that o~(R) > k where 
k is some positive constant and (hjk) a hermitian matrix (that does not depend on £). Then 
there exists a constant C such that if the sum of any q eigenvalue of (hjk) is nonnegative, 
then 

Re { X ( h 3j Ru ^ u j) ~ E E e fj' i. h 3k R Uj, Uj>) J 

Jei' J,J'ei' i<i,k<m 

q q &k 

> KRej ^2 (( h jj u J' u j) ~ E E t k jj>{h jk uj,u,j,)} -C||u|| 2 . 

Jei' J,J'£-i'„ i<j.fc<>" 

q q j^k 

and if the the sum of any collection of (n — 1 — q) eigenvalues of (hjk) is nonnegative, then 

E Re { E (( h jj Ru J' u j) + E E £jJ>(h jk Ruj,Uj,)} 

jk Jei' J,J'ei' i<j'.fc<™ 

j¥=k 

> k ^2 Re { E uj ) + E E e fj' ( h jk u J, u j>) } - c \ 



\u\\ 2 . 



jk Jei' J,J'€T„ l<j,k<m 

q q j^k 



Note that (hjk) may be a matrix-valued function in z but may not depend on £. 
Proof. Apply the previous theorem with P where pjk = hjk(R — k). □ 



We need Garding's inequality to prove the following analog to Lemma 4.12 in |Nic06j . 
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Lemma 4.6. Let M be a weakly pseudoconvex CR-manifold and ip a (O,q)-form supported 
on U' so that up to a smooth term ip is supported in C + . Then 

Re { E i c n T VJi <Pj) x+ ~ E E e fj' ( C ^ T VJ, <Pj>) a+ } 
Jel' J,J'EXL i<i,k<m 

q q i^k 

Cjjtfj ,fj) x+ 

E E }+o(Ml + )+o4\\c^U\l)- 



j^k 

> 

Jev q j,j>ei' q i<3,k<z 

]Tk 

where the constant in 0{\\tp\\\ + ) does not depend on A 



Proof. Let ^\ be a pseudodifferential operator of order zero whose symbol dominates (up 
to a smooth error) and is supported in C + . By the support conditions of if and <p, 



E ( c n Tl PJ, V? j) a + ~ E E e fj' ( C ^ T( PJ, <PJ') ; 
Jel' J,J'eT' i<j,k< m 

q q j^k 

= E ( c « T ^> (^a)^a + ( id - (nrn))^) x+ 

Jei' q 

"EE *(^ j ,((^)*^ + (^-(^)*^))^)a + 

J,J'eT„ l<3,k<m 
q j^k 

Jei' q 

"EE e jJ'( c jk Tl Pjd^tT^A l PJ') x+ + smoother terms 

J,J'el' l<3,k<m 
9 j^k 

= E(c e_A+c «*^j,c*^j) 
jai' q 

- E E ek jj' {Ce~ X+ c jk ^\Tip j, C^\ip j,) Q + smoother terms 

J,J'el' l<J,fc<m 
q j^k 

= E {a^n 2 e- x+ c jj ^T ipj , ipj ) 



Jei' q 



~EE ^j'{C^ATC 2e ~ X+c jkKT V j,<f J/ ) + smoother terms 

J,J'el' l<J,k<m 
q j^k 

n-1 

= E] (C(^ r i)*C 2e_A4 CjkT^AVji V?fc)o + smoother terms. 
j,k=i 

where smoother terms are 0(||</?||^ 1 ) or better (and the constant may depend on A). One fact 
quickly computed and used implicitly above is that cr((^)*T) = er(T(\l/^)*) = ^n-iV^UO 
(up to smooth terms) when applied to tp. Next, we will compute a({^f^)* Qe~ x+ Cj^) . cr(^ r ^) = 
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1 on C + , so cr((^)*) = 1 on C + as well, and it follows that cr((^)*) = ^1(0 U P to terms 
supported in C° \C + . Thus, up to errors on C° \C + , 

^((^l)*C 2 e- A+ c jfc ) = ^^f^(0^(C 2 e~ A+ c jfc ) =^(0C>- A+ c jfc , 

/3>0 P ' 

and on C + , 

= E^^(0Se- A+ c jfc )D»a(e2n-ift(0) = C 2 e- A+ c^6n-i- 



By construction, ^2n-i > A on C + and ((^e A+ Cj&) is positive semi-definite (and hence the 
sum of any q eigenvalues is nonnegative), so we can apply Corollary 14.51 with T as R and 
(e~ x+ Cjk) as (hjk) to conclude that there exists a constant C independent of A so that 



E ( c n T ^J> ^j) a+ " E E e ^J' ( c jk T ^J, VJ') X+ 

9 '9 j9th 



-cn^ + odi^iiio + OAdlc^llg 

-aJ2(w^j) x+ - E E ^(w^^)a + + °(II*+oa(ii^iis). 



9 



□ 



By the same argument, we have the following: 

Lemma 4.7. Let (p be a (0,q)-form supported on U so that up to a smooth term, is 
supported in C~ , then 

E ( c n{- T )VJiVj)\- + E E ( $J'( c 3k(- T ) ( PJ> < PJ')x- 

Jei' J,J'ei'„ 1 <j'.*<»" 

9 9 j^fc 

>a(^( W j,^) a -+ E E ^fe*^,^) A -)+o(||^||^)+OA(IIC^II2). 

^ Jel' J,J'eX' l<j,fc<m / 

9 9 JV* 

We now review the two local results from [Nic06j that are crucial in proving the basic 
estimate Proposition 14.11 Let (s^.)"^ =1 be the matrix defined by 

n— 1 

s+ = -(L fc L,(A + ) + LjL k (X + ) + J2(d%L e (\+) + 4M X+ ))) + 
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Proposition 4.8. Let ip G Dom(<9f,) nDom(<9fe) be a (0, q)-form supported in U . Assume that 
A + is a strictly CR-plurisubharmonic function on (0, g) -forms with CR-plurisubharmonicity 
constant A x + . Then there exists a constant C that is independent of A x + so that 



Q bj+ (cn^cn<f) +c\\cnv\\i + +ox + (\\(*>\\i) > a x+ \\ck^\\i + - 



Proof. Since <p G Dom(<9 6 )nDom((9b), it follows that C^aV 9 £ Dom(<9 b ) flDom(<9fe). Moreover, 
supp(C^A^) c V ■ % Lemma 1421 

71-1 

g 6)+ (C*>,C*» > (i - E E II%C*^jIIa + 

i=l 

JeJ' jeJ J.J'eX' i<i,fc<n-i 

+ ^ E E [((WA + ) +LA(A + ))C*>jr,C*^)A+) 

71-1 

+ e ((4 L ^( A+ ) + ^(A+jjctt^j, c>>j) 



5 E E 



J,J'£l' l<i,fe<"-l 

n-1 



((L fc L,-(A+) + %L fc (A + ))C*+<^, Mvj')a+) 



To control the T terms, we use Lemma 14.61 since supp £ C £/', and the Fourier transform 
of C^aV 9 is supported in C + up to a smooth term. Indeed, with A = A (and A from the 
definition of (CR-P 9 )), we have 



Rej^^tc/fe^H^ E E Sv'( c ^ T C*>^C*>jOa+} 
JeX' jeJ J,J'£l'„ i<j,fc<"-i 

^ A * [ E E^ 1 ^, c*>j)a+ -EE e iJ'te*c*^j, c*^jOa+ 

" <n— 1 

+ o(||C^|| 2 a+ ) + Ca + (||C*>II 



Je2' jeJ J,J'eX' i<i,fc<n-i 
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Putting these estimates together, we have 



E EWAavj, c*>j)a+ - E E *(4c*>^c*>/0a + 

+ o(||C*J*) + Oa + (IIC^IIS))- 

Recall that A + is strictly CR-plurisubharmonic on (0, g)-forms with CR-plurisubharmonicity 
constant A x +. In local coordinates, if L = Y^jZ\£,jLj, then 

j n— 1 

(2 (^A + - <9 6 <9 6 A+) + A d 7 , lal)=Y, 4Mk, 

j,k=l 

and (si) is a Hermitian matrix. Therefore, by the multilinear algebra lemmas, Lemma [A. II 
and Lemma [A. 2 1 

Q6,+(C*>, C*» +c||C*JvIIa+ + 0a+(IIC*M3) > A + IIC^IIa + - 

where the constant C is independent of □ 



Let 

71— 1 

s 7fc = 2 ( ZfcL ^ A ~) + L i Z fe( A_ ) + E(4fe^( A ~) + 4i^(A"))) + 4)C,-fc. 

Proposition 4.9. Let tp G Dom(<96) PI Dom(9b) 6e a (0,q)-form supported in U. As- 
sume that A~ a strictly CR-plurisubharmonic function on (0, n — 1 — q) -forms with CR- 
plurisubharmonicity constant A\- Then there exists a constant C that is independent of Ax- 
so that 

Q b ,_(C^,C^^) + c'||C^lli + +OA-(IIC*Vllo)> A-IIC^IIa-- 
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Proof. Similarly to the proof of Lemma [4.81 we can apply Lemma [4.31 to C^a^ which gives 
(for some 1 ^> e > 0) 



n-l 



Jel' j=i 



+ Re {EE( c ^(- T )^^'^i)A-+ E E eyAc jk (-T)c^j,cn^')x-} 



J el' jeJ 



J,J'El' l<j,fc<n-l 



n-l 

+ e ((4^( A ~) + ^(a-))c*^j, c*i^). 



+ 5 E E # 

J,J'ei'„ i<i,fc<«-i 

9 i^fc 



n-l 



£=1 



O(IK^IIo)- 



To control the T terms, we use Lemma 14.71 since supp £ C £/', and the Fourier transform 
of C^aV 9 is supported in C~ up to a smooth term. Indeed, with A = A where A is from 
the definition of CR-plurisubharmonicity on (0, g)-forms, 

Re { E Em-^a^ cn<pj)x- + E E ^m-t)c*a^. c^jOa- } 



J,J'£l' l<J,fc<n-l 



^ A ° f E E(^<^^> c*^)a- + E E e YA c d^~ A vj, ck^j 



j el' jeJ 



Putting these estimates together, we have 



J.J'el' l<i,fc<n-l 



+ o(||C*^IIa-) + Oa-(IIC*Si^I 



EE( s 7iC*^j,c*^)A-+ E E s fc i'( s 7^A^,c^^o 



JyJ'el' l<J,fc<"-l 

9 J#fc 



0(||C^IIa~) + Oa-(||C^IIo)) 
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Recall that A is strictly CR-plurisubharmonic on (0, n— 1— g)-forms with CR-plurisubharmonicity 



constant A\-. In local coordinates, if L = Y^=i ^j-^ji then 

^(d b d b \~ - B b d b X~) + A d~/, L A = ^ s jk^k, 



n-l 



j,k=l 

and (sj k ) is a Hermitian matrix. Therefore, by the multilinear algebra lemmas, Lemma [A. II 
and Lemma [A. 3| 

Q^fr+<p,C*+<p) +C||C*>||^ + O a+ (||C*V||o 2 ) > A x+ \\C9+<p\\l + . 
where the constant C is independent of A x +. □ 

We are finally ready to prove the basic estimate. 

Proof. (Basic Estimate - Proposition^ ■ 1\) . From there exist constants K, K± so that if 



A± = mm{A x - , A x +} , then 
KQ b ,±(<P, V) + K ± J2 IK^° aC^IIo + K'\W\\l + 0±(|MI-i) 

V 



From Proposition 14.81 and Proposition 14.91 it follows that by increasing the size of K, K±, 
and K' (where K' does NOT depend on A) that 

KQ b ,±(^ <P) + K±J2 IIC,*° aCVIo + K'Ml + ± (M 2 _ > Atll^llJ 

V 

□ 



4.2. A Sobolev estimate in the "elliptic directions". For forms whose Fourier trans- 
forms are supported up to a smooth term in C°, we have better estimates. The following 
result is the (0, g)-form version of Lemma 4.18 in [Nic06j . 

Lemma 4.10. Let if be a (0, l)-form supported in U u for some v such that up to a smooth 
term, (p is supported in C®. There exist positive constants C > 1 and C\ > independent of 
A so that 

CQ b A^E ± y)+C x \\ V \\l>\\ V \\\. 
The proof in |Nic06j also holds at level (0, q). 

We can use Lemma I4.1UI to control terms of the form HCf^^ aCvV^IIo - 
Proposition 4.11. For any e > ; there exists C t) ± > so that 

||C>° A Cyio < eQ b>± {^^ v ) + C±||^|| 2 _ 1 . 
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Proof. Observe that llC^C^lo = II A _1 C^° aC^IIi- The (0, g)-form Cu*1,aCv<P v ™ sup- 
ported in C°, so Lemma T4.10I applies. Although the range of A -1 is outside U v , we can write 
A -1 ^ = QA" 1 ^ + (1 — Cu)^ 1 ^ where (' u is a smooth bump function that is identically one 
on the support of £„. Then (1 — (^A -1 ^ is infinitely smoothing and hence can be absorbed 
in the ||<^||^i term. Let P = CA -1 and ip = Cu^u aCu^P u - By Lemma 14.101 and the fact that 
P is an order -1 pseudodifferential operator, 

The adjoint of P is P*' = QA^ 1 . Consequently P — P* ,zL is an order -2 pseudodifferential 
operator, and we can apply Lemma 2.4.2 in |FK72j to prove 

Q bi± (P^,P*P) = ReQ^P*'^) + C±lbl-i < eg 6i± (^,^) +C £i± ||^|| 2 _ 1 . 

□ 

The term eQb,±(ip, <p) could be replaced by eUD^-t^H^ if we had a need for it. 

5. Existence and Compactness Theorems for the Complex Green Operator 

In this section, we use the basic estimate to prove existence and compactness theorems for 
the complex Green operator. As always, M is a compact, orientable, weakly pseudoconvex 
CR-manifold of dimension at least 5, endowed with strongly CR-plurisubharmonic functions 
A + and A~. 

5.1. Closed range for For 1 < q < n — 2, let 

H 9 ± = {(p G Dom(«9 b ) n Dom(<9 b *) : d b ip = 0, d; >± cp = 0} 
= {ip G Dom(<9) n Dom(<9 b *) : Q b ,±{(p, if) = 0} 
be the space of ±-harmonic (0, g)-forms. 

Lemma 5.1. For A± suitably large and 1 < q < n — 2, 7i q ± is finite dimensional and there 
exists C that does not depend on A + and A~ so that for all (0,q) -forms ip G Dom(<9b) Pi 
Dom(B b ) so that ip _L TC± (with respect to (-,-)±). 

(7) ll^llll <CQ b)± (<p,<p). 

Proof. For ip G 1~L± 1 we can use Proposition 14.11 with A± suitably large (to absorb terms) so 
that 

A ± \M\l < c ± (J2 IIC^mC^IIo + IMI 2 1). 

Also, by Proposition |4.11[ 

Ell^U^1lo<C±ll^ll-i- 
since Q b ,±{ip, ip) = 0. The unit ball in 7i± C\L 2 (M) is compact, and hence finite dimensional. 
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Assume that (|7|) fails. Then there exists pk _L 7i± with |||<^fc|||± = 1 so that 

lll^fellli > kQb,±(<Pk,<Pk)- 
For k suitably large, we can use Proposition ^. H and the above argument to absorb Qb,±{.Pk, V^fc) 
by At|||¥>fc|||± to get: 

III II|2 ^ n || ||2 

lll^jfellli S i^±\\(Pk\\-i- 

Since H~ 1 (M) is compact in L 2 (K), there exists a subsequence (pk- that converges in L 2 (M). 
Since (Qb,±{-, •) + ||| • |||±) 1//2 is a norm that dominates the L 2 (M)-norm, there is a further 
subsequence that converges in the (Qb,±(-, •) + ||| ■ lll^) 1 ^ 2 norm as well. The limit ip satisfies 
1 1| tp 1 1| ± = 1 and (p _L TC±. But from the above inequality, ip G T~l±. This is a contradiction 
and (CD holds. □ 



Let 

On L H q ± , define 



H q ± = {pe L 2 Q>q (M) : (p, 0) ± = 0, for all G 



□&,± = d h d* b± + <9 b * ± <9 6 . 
Since <9 6 * ± = E±dg + [Sf,S±], Dom(<9 6 * ± ) = Dom(<%*). This causes 

Dom(D 6>± ) = {(p G Lg t ,(M) : y? G Dom(<9 6 )nDom(<9 6 *), <9 6 ^ G Dom(<9 fe *), and <9 6 > G Dom(<9 6 )}. 

5.2. Proof of Theorem 1 1 . 1 1 when s = 0. This subsection is devoted the proof of Theorem 
11.11 when s = 0, i.e., the L 2 -case. 

As a consequence of Lemma 15.11 we may apply Theorem 1.1.2 in |H6r65j to conclude 
that d b : L 2 {0q) (M) -> L 2 Qq+l ) {M) an d <9 6 * ± : £ 2 0i(/) (M) -> L^^M) have closed range. 

However, by Theorem 1.1.1 in |Hor65] . this also means that db '■ L 2 q _^(M) — > L 2 0q ^(M) and 
dl ± : L 2 q+1 s (M) — > L 2 q j (M) have closed range (and satisfy the appropriate L 2 inequality 
with a constant that does NOT depend on A + or A~). Again by Lemma 15. 1[ Theorem 1.1.1 
in [Hor65] . and Lemma |33| db has closed range when acting on L 2 Qq ^(M) or L 2 0q+1 ^(M). 

Therefore, for a (0, g)-form u G Dom(4) D Dom(<9fc), we have the estimates 

(8) H2<C7(||Wo + ll««llo+ll^* 
and 

(9) \\u\\l<C(Qb,±(^u) + \\H ±iq u\\ 2 ) 

where H q is the projection of u onto 7i q and H± q is the projection of u onto T-£±. This implies 
the existence of G q and G q> ± as bounded operators on L 2 0q ^(M) that invert on H q and 
□ft i= i- on 7i q ±1 respectively (see for example |Sha85aj . Lemma 3.2 and its proof). Moreover, 
the solvability of db in L 2 ^ (M) and weighted L 2 ^ (M) forces 

ker(<9 b ) = Range(<9 fc ) © H q ± = Range(<9 b ) © . 

S v ' V v ' 

© with respect to {-,-)± 93 with respect to ( v )o 

Consequently, 7i q is finite dimensional. 
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We now prove that G q is compact. First observe, we have the following identity: 

G q+1 d b u = G q+1 d b {B b d b + B b B b )G q u = G q+1 B b B b B b G q u 

= G q+ i{d b d b + B b B b )d b G q u = B b G q u. 

Thus, 

d b G q = (d b G q+ i)*. 

To prove compactness of G q , it suffices to show compactness on (since G q is zero on 
W). When u G equation © implies (since G q u G L W) 

(10) \\G q u\\l < \\B b G q u\\l + \\d* b G q u\\l = \\(d* b G q+1 yu\\l + \\dZG q u\\ 2 . 

Therefore, we only need to show that both B b G q and B b G q+ i are compact. Our main tool 
will be a strengthening of ([HI). We claim that 

(11) Ho < £(IIIMIII + IK,±*) + c ± \\u\\ 2 _ v 

To prove ffTTl) . we already know the estimate if u G 7i±, so we can assume that u G 
we use Proposition 14.11 to see that 

A±\\\u\\\ ± < KQ bt± (u,u) + K ± (J2 W^K aC^IIo + Nl-i)- 

V 

Thus, to prove ffTTl) . we have to show that K±^2 U ||C^°aC^IIo * s well-controlled. Using 
Proposition 14.111 we have (with e = 1/K±), 

k ± J2 < Qb±{u,u) +^±l|tt||ii- 



and ffTTj) is proved. 

When a G Range(<9f,) C L\ +1 (M), c^Gq+ia gives the norm minimizing solution to B b v = 
a, a G Range(<9&) C Lq 9+1 (M), while ^ ± G± ig+ ia gives a different solution (the one that 
minimizes the ||| • |||±-norm). For such a, (fTTj) therefore implies 

(12) \\B* b G q+1 a\\l < K±G ±jq+1 a\\l < C\\\Bl ± G ± , q+l a\\\l 

C C 
< -7-\\\oi\\\± + C ± \\d^ ± G ±t g +1 a\\ 2 _ 1 < -r-\\\oi\\\± + C ± \\dl ± G ±jq+1 a\\ 2 _ 1 

A± A± 

Applying Lemma I5TT1 to B b± G± !q+ i shows that dl±G±, q+ i : Ll q+1 (M) — > Ljj +1 (M) is a 
bounded operator with C is independent of A±. Therefore, L\ +1 (M) embeds compactly in 
W^l +1 {M). Moreover, A± can be made arbitrarily large since M satisfies (P q ) and (P n _i_ g ). 
Equation (fT2l) proves that d£±Cr± ig+ i : ^L+iW ~~ > ^o g (-^0 continuously, so the map 
d b ±G± !q+ i : Lq +1 (M) — > (M) is compact, and it follows that B b G q+ i is compact on 
Ranged) by [D'A02| . Proposition V.2.3. On the orthogonal complement of Range (<9b), 
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dbGq+i = 0, so dbG q+ i : L 2 , +1 (M) — > Lo g+1 (M) is compact. To estimate db*G q a, we cannot 
invoke ffTTT) directly because dlG q a is a (g — l)-form. Instead, for a £ Ranged) C Lq j(? (M), 

IIK± G ±><HII± = (9bdl ± G ±;q a,G ±>q a)± = (a,G± iq a)± 

(13) < ^|||a|||| + ^|||G ±i(? a|||i < ^|||a|||| + ^P 6 * ± G ± , g a||| 2 ± + C ± \\G ± , q a\\ 2 _ v 

Here we have used that dba = and that a G ± H± (since a G Ranged) in the second 
inequality. Also, the first inequality shows that the |||<9fc ± G± )g a:||| \ < oo and thus the term 
in the final inequality can be absorbed. Thus we can can prove db*G q Ll q (M) — > L\ X {M) 
is a compact operator by repeating the argument that follows ( fT2l) with G±, g replacing 
db*,±G± iq+1 . 

5.3. End proof of Theorem 11.11 — the s > case. Fix s > 0. Recall that compactness 
G q in Lq )(J (M) is equivalent to the following compactness estimate: for every e > 0, there 
exists C e > so that for every u G Dom(<9;,) fl Dom(<9b), 

\\u\\l<e(\\d b u\\l+\\db*u\\l) + CM\-v 
We claim that this estimate also holds a priori in H s , s > 0. Indeed, using the fact that the 
commutators [Bb, A s ] and [5%, A s ] are pseudodifferential operators of order s (independent of 
e), we have 

l^ll 2 = ||A S M || 2 < e(\\d b A s u\\ 2 + \\d* b A s u\\ 2 ) + a||A s «||-i 

< II ^v^^-^ II B h- ii^v-"^-^ || g) h- ^Cll II 11-^112 i 

< e(||<9 6M || 2 + H^H 2 ) + Ce|| M || 2 + C e |M| 2 _i- 

When e < 1/2C, the Ce||M|| 2 can be absorbed into the left-hand side of the equation. Thus, 
we have the estimate that for every e > 0, there exists C e > so that for every u G Hq q (M) 
with d b u G Hs q+1 (M) and dtu G H^_ X {M), 

(14) i| M || 2 < e (ii^n 2 + ii^ii 2 ) + aikii 2 _i- 

Unlike in L 2 -case, this estimate does not imply that G q is compact in H s . The difficulty 
rests in the fact that while u may be in Hq AM), we can only say that G q u G Ll q (M). 
We need to work with the family of regularized operators Gs, q , < 8 < 1, arising from the 
following regularization. Let Qioi'i ') be the quadratic form on ifg g (M) defined by 

Q s bfi (u, v) = Q b ,o(u, v) + 5Q L (u, v) 

where Ql is the hermitian inner product associated to the de Rham exterior derivative d, 
i.e., Ql(u,v) = (du,dv) + (d*u,d*v) . The inner product Ql has form domain Hl q (M). 
Consequently, Q 5 bQ gives rise a unique, self-adjoint, elliptic operator D b ^s with inverse G q> s. 
Equivalently, for u G L^ q (M) and v G Hl q {M), (w,f)o = Qb,o(,G q ,su, v). By elliptic regu- 
larity, we know that if u G Hq (M), then G q ^u G H^ 2 (M). We claim that for any e > 0, 
there exists C e so that for any u G Hq ^M), 

(15) IIGV^I 2 < elHljr + aiMI 2 ^, 
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where the inequalities are uniform in < 5 < 1. Estimates of the form (I15p are well known to 
be equivalent to the compactness of G Qt s on Hq (M), (see, for example, [D'A02] , Proposition 
V.2.3). 

By the a priori estimate (JUJ), 

\\G q ,gu\\l < <PbG q , s u\\ 2 s + \\9SG q ,su\\l) + C e \\u\\ 2 s -i- 
The db and db terms can be estimated as follows: 

\\B b G qtS u\\ 2 s + \\dSG q ,gu\\ 2 , < Q b ,o{A s G q , s u,A s G q , s u) + C\\G q ju\\ 2 s 

< Ql (A s G q , s u,A s G q , s u) +C\\G q<s u\\ 2 s 

< \(A'u,A'G q ,su) \+C\\u\\ 2 e , 

where we have used the estimate Qf )0 (A s G q ^u, A s G q ju) < \(A s u, A s G qi su)o\ + C\\G qi su\\ 2 , 
which follows from [KN65] . Lemma 3.1. Thus, we have 

\\G q , 5 u\\ 2 < e(\\G q>s u\\ 2 s + \\u\\ 2 ) + aikULi, 

By absorbing terms (and choosing e < 1/2), we have proven ffT5l) with the constant C e 
independent of S, < S < 1. 

We want to let 5 -> 0. If u £ H* q (M), then {G q>s u : < 5 < 1} is bounded in H° q (M). 
Thus, there exists a sequence 8k — > and u £ HqJM) so that G q ^ n u — > u weakly in Hq (M). 
Consequently, if v £ Hl q {M), then 

lim Q S b n (G q>Sn u,v) = Q b ,o(u,v). 

n— »oo ' 

However, 

Qbh(G q ,s n u,v) = (u,v) = Q bfi (G q u,v), 

so G q u = u and [TBI is satisfied with 5 = 0. Thus, G g is a compact operator on Hq (ft), and 
Theorem 11.11 is proved. 

Appendix A. Multilinear Algebra 

Some crucial multilinear algebra is contained in the following lemma from Straube [StrJ. 

Lemma A.l. Let (^jk)Tk=i( z ) be an m x m matrix-valued function and 1 < q < m. The 
following are equivalent: 

m 

KElq-1 J,fc=l 

(2) The sum of any q eigenvalues of {\jk(z))j,k is at least A. 

(3) For any orthonormal t e £ C m , 1 < j < q, 

1=1 
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These are Lemma 6.3 and Lemma 6.4 in |Nic06] . 

Lemma A. 2. Let (bjk) be a Hermitian matrix and let 1 < q < n — 2. Then then ( n ~ 1 ) by 
( n ^ 1 ) matrix (Bjj,) given by 

B JJ = h " 

l<j,k<n-l 

where J and J' are multiindices, \ J\ = \ J'\ = q is also Hermitian. Moreover, the eigenvalues 
of {Bjj,) are sums of the eigenvalues of (bjk) taken q at a time. 

Lemma A. 3. Let (dj^) be a Hermitian matrix and let 1 < q < n — 2. Then then ( n ^) by 
( n ^ 1 ) matrix (Djj,) given by 



d j.p= E e fj' h * if J* J 1 , 



l<j,k<n-l 



where J and J' are multiindices, \ J\ = \ J'\ = q is also Hermitian. Moreover, the eigenvalues 
of {Djj,) are sums of the eigenvalues of (dj^) taken n — l — q at a time, so {Djj,) is positive 
definite if (dj k ) is positive definite and n — 1 — q > 0; (Djj,) is positive semi-definite if (djk) 
is positive semi- definite for any n. 

If q — 1, then Lemma IA.3I says that if n > 3 and H = (hj^) is a Hermitian, positive 
definite matrix, 1 < i, k < n — 1, then (5jk Yli=i hu ~ hjk) ^ s a Hermitian, positive definite 
matrix. The requirement that n > 3 is the seemingly technical reason that Theorem 11.11 is 
stated for In — 1 > 5, as well as the results in |Nic06j and the fact that the work by Kohn 
and Nicoara in [KN06] assumes closed range of . 
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